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Qu : (Y - p(x) . E(x)

= X . ((x) - p(x) .E(x)

For eg Q2 : Y . A(d) + B(x)

p = -A

Fright : 1) Any 'low deg' non-zero Q(X, Y) that vanishes

on C,B ,
contains in its belly information

about 'closemough Codewords

2) Moreove
,
all these codewords can be recorded

efficiently.

Algorithm :

1) Interpolation Step : Find a non-zero Q(X, +3: = X.AWx)

+B(x)

s.t. D Fi Q(i, Bi) = 0 3 linech
system

2) deg (A) In-RI
3) d (B)

2) Output-B/A
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B(x) : bot b + b
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Q(xi ,Bil= o = Alxi). Bit B(xi) : 0

(ajai))Bi + 5 bja 0 Line
System

# constraints : n

# variables : n ++ + = n+

Lemma : LetQ,) be any non-zero poly from interpolation step.-

Let P(x)EIF[X]
, deg &k be std (0, p)Cn-k

Z

then 0 : -y A

Bot:
R() = akx

,
p(x) : ACX

. PL)+ PG)

dog (m)I

If Pla;): Bi , then R(Qi)=

Mei) : Q(xi , piszo

At every point of agreement between Pandr, R(x)

has a zego.

If # agreements >thR
= d = -B
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Locally Decodable Codes

v = ((((
I

C :
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Find.

Let : Code t is said to be a (t
, 2) locally decodable

code if there is an algorithm of that for every
of E , <et

,
i <[2] satisfies the following :

1) If D(r,c) En ,
then A outputs C with

probability 0. 9.

2) A only queries at mostf locations of V.

Reed- Muller Codes

m - # variables

R- total degue 3 kolg
Fa

RM(u, 4, q) = &(p(c)ac PtEx....], totaldy3
Note - ( (if m = 0 (

, =hen)



Schwartz-Lippel Lemme
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Local decoding of RM codes

Rm (k, m) = [(P(a)
at F1PEIEx- ...

Xm]

deg(p)m 3

#p : +:-Eg,

↓ is E-close to RMCK
,
e)

,
let I be the closest codeword.

Op : P(K)
,
want the algorithm to query for at most

t-locations

Thm :
-

1) For R19-2, RM(K, m) is (9-1 , 1). LDC
looq

2) For Kay ,
RM(R,m) is (a-1, ) - CDC

+ x(x(f)(x

p 1 1. 1 1 I

P(X.... Xm) , deg R poly.
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RCT) = plat (T) : Pla
,

+ bit
,
art but, . . .

.,
amtbut]

dog (R) = deg (P) = k

12a
.
3) = q7k

Have access to q-evaluations of R.
Sinceq] dog (R) , can reconstruct R uniquely from these
evaluations.

Arithm :
b + IF"(203

) Pick a be If u. c . ~

1) Find the unique deg a univariate RCT) Sit

- Ele ,
R(t) : f(Q+ bE)

2) Output R(o) = P(a+ b .0)

OI : If P and f agre onall points on the line

hap 193 ,
then the algorithm correctly outputs PCK).

Claim : If fand Page on D-t) faction of pointsa

than Pr[f
,
P ague on Las12k3] 0 .9.

b

0 : For any fined
to IF

*

[f(atbt) + P(a++)] = 1
long



As : Pr[Fte+stf(x +bt) + Platt)Je -1) forto
For 23 :

Use Balckamp-Welch for step 17 of the algorithm

Local testing of RM codes

We want an algorithm that distinguishes if a given
f:

*
- Eg is a Reed-Mulla codeword or it is far

from all the codewords.

m =3

Test :

17 Pick a plane it in F n . a. r

2) If fly is a day
m bivariate

,
then accept
asereject

Then [Raz-Safra baby version]

For all small enough constants E , finite field IEg. If htq
and the test passes with proble ,

then - degre h tlivariate
P(X,

y
,
2) Sit

Agree (f, P) 3 1-10



In : biraliate deg h poly equal to fli

Consistency of two planes :

Planes It
,
o are consistent if gr , go agree on #SO .

In [is and or are consistent] -1-2
it

,
o

(l-10t]
U

1) There is a large subset of places that are all
consistent with each other.

2) There is a deg k trivariate pst
VH t k

, g+ = Pl-

&S : P agrees with f on (1-1002) faction of all

points in If

G (v
,

f)

We set of all planes in I 101 was

Ee[(H
,
0) 1 it and o can consistent3

in [,
2) #E] : Pr[+ and o are Consistent] : I- LE

#
,
ov #,o

Lemmal : If (+,07 E,
then at least one of it or o

must be inconsistent with at least I(-) faction
of all plance.



Opt : U = EH) deg (i) > (1 +1)3 · Then U

forms a clique in G.

Obs : (4/ > (1-10) IVI
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Lemmal : G contains a clique of size (1-10E) IVI
-

Claim : If it, o are inconsistent , then
at least on of them is inconsistent withtCl--o()N

#,
o

No of planes intersecty
in those pointsMy q -k

E

U = V ,
U forms a dique

101 > (1-lE) (v)

Planes in General Position :

#, ,
h
, . . ., to are said to be in general position if

1) Every pair intersects at a line

2) Every triplet intersects at a point
3) No four of them intersect.

Lat: Ther wrist loEq planes in general position in U.

& U in gen position (v) = loeg

LetU. be a subset of U St100l: R+ 3



Lamab : S = Enticit
; &He It#

Then
,
Sis an interpolating set of 3. variate deg &

polynomials.

Equir : for
every
hiS- F

, IM PCX,Y,I, degh sit
h(a) = P(K) F & ES

: U
RtS loEq ChloE]q}

Clam1: HEV , g: Pin

Prof: Consider [Hi11 +it Volib3

&

- All these lines are in genea position .

- kt2 lines in h . P.

interpolates---

set for - T = set of intersection of these lines

daqk bivariate It : (2) xe +, P(x) = g() = Ply(k)

=>
gH = Pl

Clar: HEY , gt : Ply same argument as above
with more degrees of feedom

Claims : VHEU
, g = Pr

Proof : Consider it U



Consider h=+i)i 83

Mit= Set of points on lines (thr

Obs: KE Pr , Pr(k) = gr(k)

12+1(@ = 5

(MH1 (5Eq]q-(59)
: Ttq-ghEqh

By the S2 Kemma,

if Plr and yo an district, then
# pts of agreement [Kq = Gq2

=> Sh : Pi
lamma: 7 lofy planes in gen . pos .

in U.

1) Take a nice construction of such planes.

Do a
random rotation .

Thy = [4,
b
,
2) - I : ar + bunt cus =])

normal rector
~(a) : (1, x

,
x2) J(x) = a3



U(K) : PE + (1-2)Wate
List Decoding
A code 11 EL is Ct

,
2)-st-decodable if ↓ a I

1 B(a,) 1 c/EL

The : If t Go
,
1 is C&

, 2)-list-decodable
,
the

Rate (e) = 1- H(e)+ high
In

The : There mist (C, c)Hist-decodable code 1 So,
13

Rate (e) > 1 - u(p) - 1
LHI

Eg
So, 192 2

# edges [2. L

# eles = 121 . B(jn)

=> 121 . B(Pn) 12. L
= let ·
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Rathers-by(B)
=n-H()
= 1 - u(p) + log



of los
Lec-S
-

Then [Johnson]

Ift is a code with mel dist 8
,
then tis (2,

2)
decodable for C : 1-XS

,
L= 0(n)·

E Reed- Solomon Codes

k= 0 -o n

8 = 0. 99

C : 1- vol
= 1-0 - 1

= 0 . 9

Roof: x- En In

.

·,

c) iff
C, andse agree on

the ith coordinate

deg (ci) Cl-P)n

(N((i) 1 N(j) ) = n(-8)- 1



Count (EC
,
<,
3

,
1) where cirh and gul.

# va (2) (n (1-8) - 1)

# rus =cus(it

es(d) = (h)(u(-8)-1)
Ed L(-e)n

s
=> (4) = (2)(2x-x) - 1)

Johnson Bound for RS Codes

-1-
= C = 1-

G = 1- kn
= In = n - An

=
0 . 94



Thorn [Suder , Guruswami-Sudan

RS codes can be efficiently decoded up to the Johnson
Bound .

Sudan -
n-hn

Gunswami. Suda-n-En

Belkamp-Welch
1) Interpolation : Find a Q(y

,y) : AY + A,CX),
nonz

, wo-deg set Fi ,
Q(Qi , Bi= 0

2) Output P(X) s. + &(x
,
P(x)) = 0

# agreements is mandeg (QC, PCI

Sdan :
Consider a O of large /- degree

& = Ao(x) + A,
(x)X + An()x+

.... + Ar(x)yh

& (x
,
p(x)) = Ao + A -P + AnP+

- -
- +Aph

deg (a(x, P(xD) Eman (degLA:) + i b)
Dur
deg (Ai) : D-ik



AlgorithmI

1) Find a non-zo &(x,
+) = YAik) . xist

.

in

a) deg (Ai) D- ki , b)j , Q(, Bj) = 0

2) Output all deg & polys P(X) sit &(x
, P()) =0

Set
Want P(X) st &(X

,
P()) = 0

ce (y- p(x))(a(x,
y)

Theore :
-

These are efficient randomized algos for factoring
birariate polynomials one finite fields.

Ul : ForDyn,Heneustest
,,

Cham2 : If PE IF[x] , deg ch Sit age (P ,
(i

, Bil)>
then Q(x

,
P()) = 0

S



Proof of Chaim 1 :

# constraints =n

DIR

# variables = [deg(ti) + 1 = & (D- ri + 1)
i=g

-
Proof of claim 2 :

R(x) : = Q(x, P(x)) , dog (R) - D

If P(Q;) = Bi ,
then R(aj) = Q(xi , P(x)

= a(q , Bj)
=G

=> Agre (P, (Oi,Dili) >D ,
then R has ID roofs.

=> R = 0

Multiplicities : A polynomial &(a) vanishes with multiplicityI
at a point of if all the (partial)derivatives of &
of under <S vanish ata.

Fact : P(X)E IF[x]
,
non-wo univariate then

SMultiplicity (P,
) [deg [P)

Lureswami-Sudan :

> Find a non-zer low dog &(X,
Y) sit Mult(@,

(vi,;)) im



2) Output all P(X), deg k st &(X, 1(x)) = 0.

Claim : If P(xj) = Bj , then
a(x, P(x1) vanishes with multiplicity = m at Ej.

-olded Reed-Solomon Codes
- Univariate Multiplicity Codes.


